We propose a theoretical method to estimate the saturation power and the small signal gain of an active Er-doped fiber as functions of the fiber length and the pump power. The results make it possible to carry out the numerical simulation of a given Er-doped fiber. The results allow us to carry out the optimization of fiber laser systems by means of a numerical simulation using the nonlinear Schrödinger equation.
INTRODUCTION
Nowadays, there is a wide range of fiber lasers of different cavity types [1] . Their internal structure may vary depending on the aim the laser is intended to achieve. To obtain stable generation in such lasers, it is necessary to compensate for the cavity losses. This can be achieved particularly by the use of an active medium. Currently the most common types of active fibers used in fiber lasers are erbium-(Er-) and ytterbium-(Yb)-doped fibers. Since Er 3 -doped fibers generate signals in the C-band (1.55 μm), they are widely employed in laser and amplification schemes that find their applications in many industrial areas. The main advantage of such fibers is that they allow one to minimize the losses in the fiber. Additionally, Er-doped fibers are widely applied in lasers to generate ultrashort pulses.
The Er-doped fiber signal gain can be analytically described using the two-level gain model [2] . The two-level model can be applied directly using the previously obtained analytical results [3] . The major drawback of the two-level model is that it does not take into account the background losses. Although the background losses are normally neglected for short cavities (with lengths up to several tens of meters), the consideration of the background losses improves the accuracy of numerical simulations. Furthermore, in many cases, it is necessary to take the background losses into consideration because they can be up to 70 dB∕km [4] .
Alternatively, the signal gain can be found numerically using a simple gain model that is based on the Schrödinger equation. Unlike the two-level model, the simple model takes into account the background losses. In order to be applied, it requires the signal gain to be bounded. This requirement, however, is always met, because usually, the signal gain is bounded above by the small signal gain [2] . In contrast with the two-level model, in the simple gain model, the saturation power and the small signal gain are functions of the pump power and the fiber length. In pulsed fiber lasers, the propagation of a signal in an active fiber is governed by the generalized nonlinear Schrödinger equation [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] :
where At; z is the complex envelope of the radiation, β 2 is the second-order dispersion, β 3 is the third-order dispersion, γ is the nonlinear parameter, and α A denotes the background losses. When simulating the pulse propagation in the active fiber, the gain saturation is typically introduced into the frequency domain in the operatorĝ as follows:
Here, ω 0 is the central frequency of the gain, Ω g is the gain bandwidth, g A is the small signal gain, and P sat is the saturation power. The gain is saturated with the growth of the average pulse power P R jAj 2 dt∕T R , where T R is the round-trip time. In order to find the small signal gain g A and the saturation power P sat , we use the flat gain spectrum, since the input signal in the experiments is the CW pulse, so
It should be noted that to apply Eqs. (1) and (3), it is necessary to know the saturation power P sat and the small signal gain g A . They can be derived theoretically from the gain coefficients measured experimentally for various input powers, pump powers, and active fiber lengths. The increase of an Er-doped fiber length and the high pump power result in a large signal gain. Such a signal is seriously affected by the amplified spontaneous emission (ASE), and this makes it more difficult to measure the small signal gain. However, we need to know it in order to carry out the numerical simulation of the pulse propagation in Er fibers of various lengths. At the same time, the only way to obtain the small signal gain is to derive it analytically from other parameters, since most technical specifications of Er-doped fibers specify only the absorption coefficient at the pump wavelengths. This coefficient only allows us to estimate the optimal fiber length from the point of the pump absorption.
In this work, we present an experimental scheme for measuring the Er-doped fiber gain. During the experimental measurement of the signal gain in an Er-doped fiber, the dependence between the gain coefficient and the input signal power has been obtained for different fiber lengths and pump powers. In this paper, we also propose an algorithm for finding the parameters of Eq. (1) P sat , and g A , which are necessary to carry out the numerical simulation. The presented algorithm allows us to estimate the saturation power and the gain coefficient of Er-doped fibers of different lengths with different pump powers without needing to carry out additional experimental measurements.
EXPERIMENTAL SETUP
The measurement scheme of the Er fiber gain is shown in Fig. 1 . It consists of an Er-doped fiber, a CW laser source, a variable attenuator, a multiplexer, a pump diode, and a spectrometer. The gain medium is of length 2.5 m, and its absorption coefficient is 30 dB∕m.
The pump of the Er fiber is produced by a laser diode at 980 nm. Before the pump signal reaches the Er fiber, it passes through the multiplexer. The maximum pump power is 400 mW. To generate the input signal, continuous radiation of 15 mW generated by a CW laser at 1550 nm is used. Its spectrum is shown in Fig. 2 . The output spectrum is registered using the spectrum analyzer with a resolution of 0.02 nm. To record both the input signal P in and the output signal P out simultaneously, an optical switch is used (Fig. 3) . The switch connects the signal channels P in and P out to the spectrum analyzer, as shown in Fig. 3 .
The input power is varied using the variable attenuator. Its minimum attenuation is about 3 dB, and the maximum attenuation is 30 dB. Thus, the input signal power ranges from 7.5 mW to 15 μW. If the input signal power is less than 15 μW, it is difficult to register it because of the high noise of the spectrum analyzer. To overcome this limitation, couplers with high output coefficients (99%) are employed. Figure 4 shows the schemes to measure the signal gain.
Let us consider the measurement schemes shown in Fig. 4 . The output pins of coupler 1 that carry 1% and 99% of the input power are denoted by CS1 and CL1, respectively. Similarly, we denote the same pins of coupler 2 by CS2 and CL2. Each scheme depicted in Fig. 4 covers the specific range of P in values. Scheme 4a uses two couplers to make the input energy P in as small as possible because it includes the second coupler. Once they are connected to each other, two couplers can reduce the input signal about 10,000 times. In this case, P in is varied from 1.5 to 750 nW. The input energy for scheme 4b is between 150 nW and 75 μW. Scheme 4c gives the input power from 14.8 μW to 7.42 mW; these large values allow us to measure the saturation gain of the Er fiber. Taken together, schemes 4a, 4b, and 4c cover all possible values of the input energy P in that might be of practical interest.
In Figs. 4(a) and 4(b), the output CL1 is connected to the spectral analyzer via the optical switch. This provides a reliable way to measure the input signal with a large signalto-noise ratio.
Using the proposed schemes, it is possible to tune the power of the input radiation that enters the Er-doped fiber from 1.5 nW to 7.42 mW. When estimating the gain coefficient, the ASE noise power and the noise power of the spectral analyzer have been taken into account. In order to estimate the ASE power, the optical spectrum of the spectral analyzer, the optical spectrum of ASE for various pump powers, and the optical spectrum of a combined signal have been measured. The combined signal includes both the ASE and the input laser radiation. To improve the accuracy, the results obtained were averaged over 5 runs.
The relation between the output power and the input power has been estimated using the following formula:
Here, P outASE is the amplified signal power, P ASE is the power of the ASE, P noise is the noise power, P laser is the input signal power, and α is the power transfer coefficient that depends on the scheme selected. Using the described schemes, the experimental dependence of the gain coefficient on the input power has been obtained for different fiber lengths and different pump powers. Let us theoretically derive the dependence of the small signal gain and the saturation power on the pump power and the fiber length.
THEORETICAL APPROXIMATION
It can be shown [1] that the average power evolution in an active fiber can be described as follows:
where P denotes the average power, z is the spatial variable, t is the time variable, P sat is the saturation power, α A are the background losses, g A is the small signal gain, L A is the active fiber length. Let us define P in as the input power, and P out P in G as the power at the output of the active fiber. Here, G is the signal gain.
From Eq. (5), we can obtain [18, 22] 
where s α A ∕g A . Equation (6) allows us to find the output power P out in a general case; however, in order to be applied correctly, it requires knowledge of the parameters P sat , α A , and g A . We show below that these parameters can be derived from the experimental results. To find them, we propose an algorithm based on the theoretical analysis of the experimental results. Let us examine the algorithm in detail.
1. As a result of the experiment, we have the dependence of the signal gain G on the input power P in . Signal gain G is measured for different lengths of the active fiber and for different pump powers. Thus, we denote G as a function of the pump power P pump , active fiber length L A , and the input power: G GP pump ; L A ; P in . Similarly, the saturation power P sat P sat P pump ; L A , and the small signal gain g A g A P pump ; L A . At the same time, the coefficient α A of the background losses remains constant for each measurement [4] .
2. To estimate α A , let us consider the limiting case of P in → ∞. Then, Eq. (5) can be rewritten as follows:
In order to find the background losses α A , we consider the case of absorption, since in this case, the signal gain varies slowly with the change of the input signal power P in .
The experimental results obtained with the following parameters are analyzed: G GP pump 0 mW;L A 0.52 m;P in . The experimental results are depicted by the yellow dots in Fig. 5 .
Using the method of least squares, the limiting value G → 0.677 has been found. Then, α A − ln0.677∕L A 0.75 dB∕m. The method to find the rest of necessary values is presented below. As the result, the theoretical dependence of the gain G on P in has been found. It is shown by the black line in Fig. 5 . 3. Let us consider the case of P in → 0. Then, Eq. (5) can be transformed into the following: In  Fig. 5 , the limit P in → 0 corresponds to the lower dashed line (in this case, G 0.156, and g A −2.8 dB∕m).
From the experiment, we have the values G GP pump ; L A ; P in for L A 0.52 m, 1.08, 2.0, and 2.5 m, and for P pump 31.2 mW, 42.3, 61.4, 151, and 198 mW.
We consider the experimental results for the fixed fiber length and pump power. For each experiment, we define the small signal gain using the signal gain G in the case of a small input signal power (Table 1) as follows: Table 2) .
4. For each set of experimental results for a given L A and P pump , the small signal gain and background losses are defined above; consequently, one can determine the saturation power as a function of the input signal power P sat P sat P in ; G at each point of the experimental curve:
Using the root-mean-square method and Eq. (7), one can obtain the average saturation power for each experimental curve:
where P
1 is the number of points on the experimental curve, andP sat P in;i ; G i denotes the saturation power at the i-th point of the experimental curve that corresponds to a given pump power P pump and given fiber length L A . It is calculated via Eq. (7). Using the proposed algorithm, one can find the theoretical dependence of G on P in for each curve using P sat obtained above and the implicit Eq. (6). Figure 6 shows the comparison of the experimental and theoretical results produced by the proposed algorithm. In Fig. 6 , the colored dots illustrate the experimental results, and the solid curves illustrate the corresponding theoretical dependencies of G on P in for different active fiber lengths and pump powers.
It should be noted that the main reason for the difference between the experimental and numerical data at low powers in Fig. 5 is because of the error of the output and input power measurements and because of the error of the input power measurement in Fig. 6 in the case of L A 0.52 m. From Figs. 5 and 6, this error is about 10 −3 mW. In Fig. 6 , when the Er-doped fiber length grows, the measurement error becomes smaller compared to the output power. It is noteworthy to say that the error in the gain measurement in case of unsaturated gain does not affect the accuracy of the theory proposed in the paper for laser applications, because the theory is mainly intended to be applied to the practically realized cases of a saturated gain and significant input power.
The optimization of fiber laser systems requires a number of calculations for various fiber lengths and pump powers. To simplify a multiparametric optimization, we present the approximation that allows us to find the dependence of the saturation power and the small signal gain on the active fiber length and pump power without carrying out additional experimental measurements. Figure 7 (a) demonstrates the dependence between the saturation power P sat and the pump power. The yellow dots correspond to the theoretical approximation of P sat for various parameters. From Fig. 7(a) , we can see that the saturation power depends linearly on the pump power and does not depend on the active fiber length. The dashed line in Fig. 7(a) corresponds to the following linear fitting formula:
The dependence of the small signal gain on the fiber length and pump power is shown in Fig. 7(b) . It can be seen from 
Here, coefficients A −2.25 · 10 5 dB∕m, B 2.3 · 10 4 dB∕mW∕m, C −4.54 · 10 3 l∕mW, and D 0.05 dB∕m. The formula presented above was derived from the two-level effective gain model [4, 23] .
CONCLUSIONS
In this paper, the proposed measurement scheme enables us to measure the gain coefficient of an Er-doped fiber for input powers that are varied over a wide range. During the experiment, the dependence of the gain coefficient on the input power has been found for different fiber lengths and pump powers. The theoretical method to estimate the saturation power and the small signal gain coefficients of the Er-doped fiber has been proposed. The results may be useful for optimization of the fiber laser systems by means of a numerical simulation. 
